Magnetic skyrmions in bulk crystals are line-like topologically protected spin textures. They allow for the propagation of magnons along the skyrmion line but are localized inside the skyrmion line. Analogous to the vortex line, these propagating modes are the Kelvin modes of a skyrmion line. In crystals without an inversion center, it is known that the magnon dispersion in the ferromagnetic state is asymmetric in the wavevector. It is natural to expect that the dispersion of the Kelvin modes is also asymmetric with respect to the wavevector. We study the Kelvin modes of a skyrmion line in the ferromagnetic background. In contrast, we find that the lowest Kelvin mode is symmetric in the wavevector in the low energy region despite the inversion symmetry breaking. Other Kelvin modes below the magnon continuum are asymmetric, and most of them have a positive group velocity. Our results suggest that a skyrmion line can function as a one-way waveguide for magnons.
Recently, a vortex-line like topological spin texture, known as skyrmion, has been observed in magnets by experiments. 5, 6 A large family of skyrmion-hosting materials has been identified. A skyrmion has several intrinsic properties, such as polarization, vorticity and helicity, and these properties are determined by the symmetries of the material. For skyrmions in materials without inversion symmetry, the DzyaloshinskiiMoriya interaction [7] [8] [9] (DMI) is responsible for the stabilization of a skyrmion lattice. 10 Skyrmions can also exist in systems with inversion symmetry, where competing magnetic interactions stabilize the skyrmions. [11] [12] [13] [14] [15] In thin films, skyrmions appear as disk-like excitations and in bulk materials, skyrmions are line-like excitations. Skyrmions can be manipulated by various external drives, such as electric current, electric field, thermal gradient, etc. [16] [17] [18] [19] [20] [21] [22] [23] Remarkably, skyrmions can be driven into motion by a small current density of the order of 10 6 A/m 2 , which is 5 to 6 orders of magnitude smaller than that for magnetic domain walls. [16] [17] [18] For their superior properties including compact size, high mobility and stability, skyrmions have attracted tremendous attention recently and are deemed as promising candidates for applications in the next generation spintronic devices. 24, 25 A skyrmion line can also support propagating Kelvin modes inside the line, see Fig. 1 (a) . In centrosymmetric systems, the Kelvin mode is symmetric in the propagating wavevector. 26 In systems without inversion symmetry, the question is whether the dispersion of the Kelvin modes is asymmetric with respect to the wavevector. If the answer is positive, this would imply a one-way propagation of magnons inside a skyrmion line, and therefore the skyrmion line can work as a one-way magnon waveguide. This is the question we will address in this work.
First, we consider the magnon dispersion in the fully spin polarized state. We begin with a phenomenological description of the magnetization in a chiral magnet. The Hamiltonian of the system in terms of the magnetization field n(r) with |n| = 1 is 10, 27 
which successfully captures many experimental observations in chiral magnets. Here J is the exchange interaction, D is the DMI [7] [8] [9] and B z is the external magnetic field. We have introduced an easy axis anisotropy A > 0. For B20 compounds with cubic symmetry, this term is not allowed, 27 but this anisotropy can be generated by uniaxial stress. It can also exist in other crystals with a layered structure. We have neglected the weak dipolar interaction. Note that the skyrmion size is much bigger than the spin lattice constant, and this justifies the continuum approximation in Eq. (1). For the field value above the saturation field, a ferromagnetic state is stabilized, where n =ẑ withẑ being a unit vector in the z direction. The magnon dispersion is
The magnon dispersion is asymmetric with respect to k z consistent with the inversion symmetry breaking. This asymmetric magnon dispersion has been observed in experiments, 28, 29 and provides a useful way to determine the strength of the DMI. Here the ferromagnetic (FM) state is stable for the field above B c = D 2 /J − A. The asymmetry gives rise to unconventional magnon propagation such as the modified Snell's law. 30 Note that the asymmetry only appears in k z along the field direction, while the dispersion with respect to k x and k y remain symmetric. Therefore for a thin film with a normal magnetic field, the magnon dispersion is symmetric with respect to the in-plane wave vectors, even though the inversion symmetry is broken.
A skyrmion line can exist as a metastable state in the background of the FM state. The skyrmion line provides a centrosymmetric potential for magnon excitations, and it allows for the existence of localized magnons. This was calculated in thin films. 31, 32 In clean systems, the magnon modes can be arXiv:1901.03812v1 [cond-mat.mtrl-sci] 12 Jan 2019
labeled by angular momentum m and wavevector k z . In the following discussion, we call these modes the Kelvin modes with quantum numbers m and k z . Let us consider the lowest mode associated with the translation of the skyrmion line. The translation of the whole straight skyrmion line does not cost any energy and it is a Goldstone mode of the system. The bending of the skyrmion line costs energy and results in the dispersion of the corresponding Kelvin mode. The displacement of a rigid skyrmion line can be described by
is the displacement vector. The z independent displacement of a skyrmion line does not cost
. For a long wavelength distortion, the energy functional can be expanded in the basis of
The first order term ∂ z u appears as a surface term upon integration. It vanishes when the two ends of the skyrmion line are fixed.
The energy cost to distort a skyrmion line can also be obtained directly from Eq. (1) and is
The contribution from the DMI vanishes as obtained by straightforward calculations. Therefore the distorted skyrmion line has an energy cost
The stiffness of the skyrmion line is ηJ and is independent of the DMI, which is consistent with the fact that J is the largest energy scale of the problem.
The Berry phase contribution to the action is S B = S 2a 3 dr 3 dt∂ t ϕ(cos θ + 1), where S is the total spin of the ion (in the material) and a is the crystal lattice parameter. Here ϕ and θ are the spherical angles of n, i.e. n = (sin θ cos ϕ, sin θ sin ϕ, cos θ). In terms of u(z),
The total action associated with the distortion of a skyrmion line is
Therefore the dispersion of this Kelvin mode is (as will be shown below, this Kelvin mode has m = ±1)
This Kelvin mode is symmetric with respect to k z . This is different from the magnon mode in the ferromagnetic state, where the magnon dispersion is asymmetric due to the presence of DMI. The mode is gapless. A gap exists when there is a local pinning potential or geometric confinement in a small system. The gap can be introduced into the action S T by adding a mass term Mu 2 /2 for a straight skyrmion line. Nevertheless, the dispersion of other Kelvin modes is asymmetric with respect to k z as will be shown below.
To go beyond the analysis of the skyrmion displacement field, we calculate the magnon spectrum in the presence of a straight skyrmion line embedded in the ferromagnetic background. For a disk-like skyrmion in thin films, the spectrum was calculated in in Refs. 31 and 32. Here we extend the method used in Ref. 31 to three dimensions. First, we find the stationary solution of a straight skyrmion line. The symmetry of the problem allows us to use cylindrical coordinates r = (r, φ, z). The skyrmion line solution in Eq. (1) has the form ϕ = φ + π/2 (skyrmion helicity is π/2 determined by the DMI) and θ(r) with θ changing from θ = −π at the skyrmion center r = 0 to θ = 0 at r = ∞. We obtain the equation for θ(r) by minimizing H
from which θ(r) can be found numerically. We then introduce a local coordinate system with the local z axis along the spin direction n s (r). The spin representation in the lab coordinate and the local coordinate is sketched in Fig. 1 (b) . The local coordinate is obtained by the subsequent rotation operations in the lab frame: rotation along the z axis by φ 0 = π/2, rotation along the y axis by θ and rotation along the z axis by ϕ. Then the spin in the lab frame n can be obtained from the local coordinate
The small deviations L from the skyrmion line solutionL X = L Y = 0 andL Z = 1 are described by the complex magnon fields
and L Z = 1 − ψψ * with |ψ| 1. Expanding the Hamiltonian to second order in ψ, we obtain
with σ i (i = x, y, z) being the Pauli matrices and σ 0 is the unit matrix. Here
The presence of skyrmion gives rise to an emergent magnetic field acting on the magnons. This can be seen explicitly by introducing an effective vector potential
withφ being the unit vector in the φ direction. Using ∇ · a = 0, H ψ can be written in a compact form
The emergent vector potential a couples to the magnons and induces a screw scattering of the extended magnons by skyrmions. 31, 33 The eigenmodes are determined by the equation
This equation has the form of the Schrödinger equation describing the magnon wave function in a centrosymmetric potential. We can introduce an angular momentum m and wavevector k z with ψ = ψ m (r, t) exp(imφ + ik z z) to label the eigenmodes. The two components ofψ are related by complex conjugation because the magnetic moment n is real. This indicates that the matrix equation, Eq. (17) (17) . We therefore only take the magnon branch with ω ≥ 0. Thenψ can be obtained by a linear superposition of the two symmetry-related solutionŝ
The two components ofψ m are complex conjugate to each other. Hereη is determined by the eigenvalue problem
When the frequency is much larger than the magnon gap of the FM state, ω g = B z + A − D 2 /J, i.e. ω ω g , the magnon dispersion reduces to that in Eq. (2) and the eigenmodes arê η † m = (1, 0)J m (kr). We represent the matrix H ψ using the Bessel function J m (kr) as an orthogonal basis. 34 The basis functions are
where we have used the box normalization with R c being the radius of the box and k m,i is the i-th zero of the Bessel function 
By diagonalizing the matrix σ z H ψ , we obtain the eigenfrequencies and eigenmodes. We take R c = 20 and truncate the Bessel series at i max = 20. The calculated dispersion of the Kelvin modes with different m is shown in Fig. 2 . There are only two Kelvin modes below the magnon continuum when B z = 1.4D 2 /J in Fig. 2  (a) , and as a consequence, these modes are radially localized inside the skyrmion. The other modes mix with the magnon continuum and can easily decay into the extended magnon modes. The Kelvin mode with m = −1 corresponds to the distortion of a rigid skyrmion line discussed above. It is symmetric with respect to k z in the low energy region consistent with that in Eq. (8) . The mode with m = 0 corresponds to the uniform radial breathing of the skyrmion line. The group velocity v g = dω/dk z is always positive, indicating a one-way propagation of this Kelvin mode. At a lower field, B = 1.05D 2 /J in Fig. 2 (b) , the Kelvin mode with m = −2 also appears below the magnon continuum. In the presence of an easy axis anisotropy, there appear more Kelvin modes below the magnon continuum, see Fig. 3 . The Kelvin mode with m = −1 in Figs. 2 and 3 has a very small gap originating from the numerical discretization in the calculations, which breaks the translation symmetry. The left branch of the Kelvin mode with m = −1 at high energy merges into the magnon continuum, and therefore is strongly damped. It only allows magnons with a positive group velocity to propagate in this region.
To use the skyrmion line as a one-way magnonic waveguide, it is required to excite the Kelvin mode with m −1. This can be achieved by choosing the angular momentum of the source field. Recently, the propagation of magnons both with symmetric and asymmetric dispersion in a skyrmion line in prismatic geometry was demonstrated using micromagnetic simulations. 35 We have focused on a system with DMI form in Eq. (1), which can be realized in crystals having D n or C n symmetry, 10 for example B20 chiral magnets including FeGe and MnSi. For crystals with C nv or D 2d symmetry, such as Mn-Pt-Sn Heusler materials, 36 GaV 4 S 8 37 and GaV 4 Se 8 , 38 no spatial derivative along the crystal c axis is allowed in the DMI. 39 In these systems, all the Kelvin modes are symmetric with respect to k z .
It is possible that skyrmion lines that do not percolate the whole system are stabilized. [40] [41] [42] [43] At the ends of the lines, there appear emergent magnetic monopoles or antimonopoles. When both ends of a skyrmion line are terminated by a monopole and an antimonopole, the skyrmion line serves as a magnonic cavity for the Kelvin modes because these localized modes cannot penetrate into the ferromagnetic state. In imperfect systems, the skyrmion line is distorted in order to accommodate the pinning potential. 44 The pinning opens a gap for the symmetric lowest Kelvin mode. The bent skyrmion line can still guide the Kelvin modes to propagate along the line.
To summarize, we have studied the Kelvin modes of a straight skyrmion line in chiral magnets. There exist several Kelvin modes below the magnon continuum, and these modes are radially localized in the skyrmion line. The Kelvin mode with angular momentum m = −1 is symmetric with respect to the wavevector along the skyrmion line in the low energy region. The Kelvin modes with other m are asymmetric. Our results suggest that the skyrmion lines can function as a oneway magnonic waveguide.
